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Abstract
The Quantum cosmology with Born-Infeld type scalar field is considered. The corre-
sponding Wheeler-DeWitt equation can be solved analytically for both very large and small
φ˙(i.e, very small or large cosmological scale factor respectively). In the extreme limits of
small cosmological scale factor the wave function of the universe can also be obtained by
applying the methods developed by Hartle-Hawking(H-H) and Vilenkin. H-H wave function




is the critical kinetic en-
ergy of scalar field). The Vilenkin wave function predicts a nucleating unverse with largest
possible cosmological constant, but it must be larger than 1/η. It is different from the
original results of Hartle-Hawking and Vilenkin. According to the result of inflation with
B-I type scalar field, we find that η depends on the amplitude of tensor perturbation δh.
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Astronomical observations indicate that the cosmological constant is not zero and it has the
same order of magnitude as matter energy density(density parameter ΩΛ of the vacuum energy
∼ 0.73).
Before 1998 year a crude experimental upper bound on Λ or vacuum energy density ρV is
provided as ρV . 10
−29g/cm3 ∼ 10−47GeV 4[1]. However when the universe approximates to
planck scale the energy difference between the symmetry and broken symmetry phase of vacuum
is 1018GeV . The effective vacuum energy density(1018GeV )4 exceeds observational limit by some
120 orders of magnitude. There are many number of symmetries which seem to be broken in the
present universe, including chiral symmetry, electroweak symmetry and possibly supersymmetry.
Each of these would give a contribution to ρV that would exceed the upper limit by at least
forty orders of magnitude. It is very difficult to believe that the cosmological constant is fine
tune so that after all the symmetry breakings, the effective vacuum energy density satisfies the
upper bound. What one would like to is some mechanism by which the cosmological constant
Λ could relax to near zero. There are five approaches to find such a mechanism, including
Anthropic considerations, superstrings and supersymmetry, Adjustment Mechanisms, changing
Gravity, Quantum Cosmology. At present, the approaches which based on quantum cosmology
is most promising[1]. In 1984 Hawking described how in quantum cosmology there could arise
a distribution of values for the cosmological constant. Hawking introduces a 3-form gauge
field Aµνη or scalar field φ. According to the general ideas of Euclidean quantum cosmology,
he obtained that probability density is proportional to e3pi/GΛ. The probability density has an
infinite peak for Λ→ 0+. The most probable cosmological constant will be those with very small
values[2]. Coleman considers the effect of topological fixtures known as wormholes. He argued
that if wormholes exist, they have the effect of making the cosmological constant vanish[3].
In this paper, a quantum cosmology model of gravitation interacting with a Born-Infled (B-I)
type scalar field ϕ is considered. The corresponding Wheeler-DeWitt equation can be solved
analytically for both very large and small cosmological scale factor. In the extreme limits of
small cosmological scale factor, the wave function of the universe can be obtained by applying the
methods developed by Hartle-Hawking and Vilenkin. The corresponding probability distribution
of cosmological constant can be obtained. The probability density that applying Hartle-Hawking
method is proportional to e3pi/G(Λ−
1
η
). The probability density has an infinite peak for Λ→ 1η (the




2η ). In this paper we also consider the inflation model with B-I type
scalar field and obtain the tensor-to-scalar perturbation ratio δh
2
δφ





is the speed of propagation of the cosmological perturbation and N is a number of e-folds before
the end of inflation. Hence cosmological constant is dependent on the amplitude of the tensor
perturbations δh(see Appendix). In section 2 we consider quantum cosmology with B-I type
scalar field, obtain the wheeler-Dewitt(W-D) equation of our B-I scalar field model and find the
corresponding solution for both very large and small φ˙. In section 3 we apply Hartle-Hawking’s
method to obtain the wave function of the universe. The Vilenkin’s quantum tunneling approach
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is also considered. We conclude our results in the last Section.
2 General Formalism and Solution of WD Equation









where we have chosen units so that c = 1, R is the Ricci Scalar curvature and the lagrangian Ls




(1−√1− ηϕ,µϕ,νgµν − V (ϕ) (2)
Where η is a constant and V (ϕ) is the potential of vacuum field. We shall consider that the
potential of the vacuum field V (ϕ) is a constant. There from a physical point of view, it is
equivalent to cosmological constant.
At the plank time, the quantum effects played the main role in the universe. So it is suitable
to describe the dynamics and evolution of very early universe by using the cosmological wave
function Ψ(hij , ϕ) defined on the superspace of all three-metrics hij and material fields ϕ. In
the superspace it satisfies the Wheeler-DeWitt(WD) equation:
HˆΨ = 0 (3)
Hˆ is a second-order differential operator in the superspace. In principle, Ψ(hij , ϕ) should contain
the answer to all meaningful questions one can ask about the evolution of the very early universe.
In order to find out the solution of the WD equation, we shall apply the minisuperspace model—
a Robertson-Walker(RW) space-time metric. The B-I type scalar field is given by Eq.(2). In
the minisuperspace there are only two degrees of freedom: a(t) and ϕ(t). The RW space-time
metric is
ds2 = −dt2 + a2(t)[ dr
2
1 + kr2
+ r2(dθ2 + sin2θdϕ2)] (4)
Using Eq.(2) and by integrating with respect to space-components the action (1) becomes(the
































where c is integral constant. From the above equation we know that cosmological scale factor
a(t) is very large or small when ϕ˙ is very small or large respectively. The critical kinetic energy
ϕ˙2cr/2 is 1/2η.
To quantize the model, we first find out the canonical momenta Pa = ∂Lg/∂a˙ = −(3/2G)aa˙,
Pϕ = ∂Lϕ/∂ϕ˙ = 2pi2a3ϕ˙/
√
1− ηϕ˙2 and the Hamiltonian H = Paa˙+ Pϕϕ˙− Lg − Ls. H can be
written as the follows
















For ϕ˙2 ≪ 1η , the Hamiltonian Eq.(8) can be simplified by using the Taylor expansion, and the
terms smaller than ϕ˙6 can be ignored, so the Hamiltonian becomes















If ϕ˙ is very large(ϕ˙2 ∼ 1/η), Eq.(8) becomes







a2[V (ϕ) − 1
η
]} (10)
The WD equation is obtained from Hˆψ = 0, Eqs.(9) and (10) by replacing Pa → −i(∂/∂a) and



























− u(a, Φ˜)]ψ = 0 (12)
where Φ˜2 = 4piGϕ2/3 and the parameter p represent the ambiguity in the ordering of factor a
and ∂/∂a in the first term of Eqs.(9) and (10). We have also denoted














Eqs.(11) and (12) are the WD equations corresponding to the action (1) in the case of small
and large ϕ˙ respectively.
Now we take the ambiguity of the ordering factor p = −1 and set the transformation
(a/a0)
2 = σ, with a0 being the Plank’s length. Taking the Plank constant h = 1 and the
speed of light c = 1, a0 ∼
√












− U˜ψ = 0 (15)
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where U˜ = (3pi/4G)2a40(1 − αa20σ) and α = (8piG/3)V. Denoting m = ( η16pi4a6
0
) and assuming









+ U˜)Q = 0 (16)






Q = 0 (17)


























Where Iν and Kν are modified Bessel function. C1 and C2 are two arbitrary constants of
integration.
If a(or σ) is large, αa2 = (8piGV (ϕ)/3)a20σ ≫ 1, Eq.(16) approximates to
d2Q
dσ2
+ µˆa60σQ = 0 (20)
where µˆ = (3pi/4G)α. The general solution of Eq.(20) can be expressed in terms of Bessel









Q(σ) is an oscillatory function, hence the wave function Ψ of universe is an oscillatory function
for large cosmological scale factor.
In the next step, we consider the solution of the WD Eq.(12) with ϕ˙ being large(i.e, a very
small cosmological scale factor from Eq.(7)). We still keep the ambiguity of the ordering of





)a40(1−H2a20σ)ψ = 0 (22)





)2a40ψ = 0 (23)










where N is a constant. Eq.(24) shows that the wave function decreases when a increase.
We can see that solution(24) is consist with Vilenkin’s tunneling wave function Eq.(33).
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3 The Hartle-Hawking and Vilenkin Method
Next we will use Vilenkin’s quantum tunneling[5] approach to consider the cosmology in case
of very large ϕ˙(correspondingly very small a(t)). Eq.(12) has the form of a one-dimensional
Schro¨dinger equation for a ”particle” described by a coordinate a(t), which is zero energy and
moves in a potential u. The classically allowed region is u ≤ 0 or a ≥ H−1, with H = [8piG3 (V −
1
η )]
1/2 being same defined in Eq.(22). In this region, disregarding the pre-exponential factor, the
WKB solutions of Eq.(12) are
ψ
(1)






The under-barrier(a < H−1, classically forbidden or Euclidean region) solutions are
ψ
(2)




where P (a) ≡
√
| − u(a)|.





± (a) = ±P (a)ψ(1)± (a) (27)
and thus ψ
(1)
− (a) and ψ
(1)
+ (a) describe the expanding and contracting universe respectively. The
tunneling boundary condition requires that only the expanding component should be present at
large a,
ψT (a > H
−1) = ψ(1)− (a) (28)
The under-barrier wave function is found from WKB connection formula
ψT (a < H






The growing exponential ψ
(2)
− (a) and the decreasing exponential ψ
(2)
+ (a) have comparable am-
plitudes at the nucleation point a = H−1, but away from that point the decreasing exponential
dominates
ψT (a < H
−1) ≈ ψ(2)+ (a) = exp[
pi
2GH2
(1−H2a2) 32 ] (30)











From Eq.(32) we obtain the result that the tunneling wave function predicts a nucleating universe
with the largest possible vacuum energy(i.e, the largest possible cosmological constant), but
cosmological Λ must be larger than 1/η. If H2a2 ≪ 1, by Taylor expansion Eq.(30) becomes







By comparing Eqs.(24) and (33), we find that the only difference is just an unimportant pre-
exponential factor.




In order to determine ψHH , we assume that the dominant contribution to the path integral
is given by the stationary points of the action(the instantons) and evaluates ψHH simply as























WhereH2 = 8piG3 (V − 1η ) and τ = it. From action (35), we can also obtain that the a(t) satisfying
the following classical equation of motion
− (da
dt
)2 − 1 +H2a2 = 0 (37)
The solution of Eq.(37) is the de-Sitter space with a(t) = H−1cosh(Ht). The corresponding




)2 − 1 +H2a2 = 0 (38)
The solution of Eq.(38) is
a(τ) = H−1sin(Hτ) (39)
We consider a saddle point approximation to the path integral (34), use Eqs.(36,39), and obtain
ψHH(a) ∝ exp[− pi
2GH2
(1−H2a2) 32 ] (40)
The only one difference between the H-H’s wave function(40) and Vilenkin’s wave function(30)





The H-H’s probability density (41) is the same as Vilenkin’s one (32), except a sign in the
exponential factor. The probability density(41) is peaked at V − (1/η) = 0(i.e, H2 = 8piG3 (V −
1/η) = 0 and it predicts a very possible universe with a positive cosmological constant 1η . This is




Weinberg has described five directions that have been taken in trying to solve the problem of
the cosmological constant. The five approaches respectively are Anthropic considerations, super-
strings and supersymmetry, Adjustment Mechanisms, changing Gravity, Quantum Cosmology.
At present, all of the five approaches to the cosmological constant problem remain interesting .
The approach which based on quantum cosmology is most promising[1]. In quantum cosmology
with B-I type scalar field, the Hartle-Hawking wave function predicts that the most probable
value of cosmological constant is 1η . The parameter η can be obtained by the tensor perturbation
from our inflation model. The tensor perturbations can be indirectly in the B-mode of the CMB
polarization. The amplitude of the tensor perturbations can, in principle, be large enough to
be observed. However, it is only on the border of detectability in future experiments. If it has
been observed in future, this is very interesting to define the cosmological constant.
Appendix: The Inflation with B-I type scalar field
The lagrangian of B-I type scalar field




1− 2ηX ]− 1
2
m2φ2 (42)
We assume that for the homogenous scalar field X = 12 φ˙
2. Here the L plays the role of pressure
p. The corresponding energy density
L = 2XL,X − L = 1
η
[(1− 2ηX)− 12 − 1] + 1
2
m2φ2 (43)




= 1− 2ηX (44)
The stability condition with respect to the high frequency cosmological perturbation requires
c2s > 0. We can find that c
2
s < 1 and when η → 0, c2s = 1. Let us consider a R-W space-time
with small perturbations:
ds2 = (1 + 2Φ)dt2 − a(t)2[(1 − 2Φ)δik + hik]dxidxk (45)
Where Φ is the gravitational potential characterizing scalar metric perturbations and hij is a









where H2 = ( a˙a)
2, the dot denotes the derivative with respect to time t. In inflation epoch, the
term k/a2 in (46) becomes negligibly small compared with H2.
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The effective energy-moment conservation law is
ρ˙+ 3H(ρ+ p) = 0 (47)





From the Eqs.(46,48) of the field motion it is clear that if following slow-roll conditions




and satisfied for at least 75 e-folds then we have a successful slow-roll inflation due to the potential
V (ϕ). Considering the canonical scalar field with K = X, one can take a flat potential V (φ) so
that X ≪ V (for more than 75 e-folds). It is the standard slow-roll inflation[7] and in this case
cs = 1. In contrast to ordinary slow-roll inflation one can have any speed of sound and cs < 1.
It is important to the amplitude of the final scalar perturbations(during the postinflationary,











≃ 27[cs(1 + p/ρ)]k≃Ha (51)
Here it is worthwhile reminding that all physical quantities on the right hand side of Eqs.(50,51)
have to be calculated during inflation at the moment when perturbations with wave number k
cross corresponding horizon:csk ≃ Ha for δΦ and k ≃ Ha for δh respectively. The amplitude of
the scalar perturbations δΦ is a free parameter of the inflationary theory which is taken to fit
the observations(10−5).







2ϕ ≃ 0 (53)
From Eq.(52,53) we can obtain a slow-roll solution ϕ˙ ≃ − mcI√
12pi
, then we obtain
ϕ = ϕ0 − mcI√
12pi
t (54)
Where cI = (1 +
ηm2
12pi )
−1/2, it is the sound speed during inflation. The sound speed is smaller
















To determine a(ϕ) we use ϕ˙ ≃ − mcI√
12pi













(ϕ2f − ϕ2)] (57)
Where af and ϕf are the values of the scale factor and scalar field at the end of inflation. The
inflation is over when (ρ + p)/ρ ≃ cI/(6pi)1/2 becomes of order unity, that is, at ϕ ∼ ϕf =
(cI/6pi)
1/2. After that the field ϕ begins to oscillate and decays. Given a number of e-folds
before the end of inflation N, we find that at this time 2piϕ2/cI ∼ N , hence (ρ+ p)/ρ ≃ 1/3N
does not depend on cI . Thus, for a given scale, which cross the Hubble scale N e-folds before
the end of inflation, the tensor-to-scalar ratio is[8]
δ2h
δ2Φ
≃ 27[cI (1 + p/ρ)] ≃ 9cI
N
(58)
Next one can estimate the mass m which is necessary to produce the observed δΦ ∼ 10−5. Using
(2piϕ2/cI) ≃ N , (ρ + p)/ρ ≃ 1/3N and from Eq.(50) one can obtain m ≃ 3
√
3piδΦ/4N . Then
one can obtain m ∼ 2.4 × 10−7 for N ∼ 75. It is similar to the usual chaotic inflation[9]. The
spectral index of scalar perturbations is








This is exactly the same tilt as for the usual chaotic inflation. Finally we obtain by Eq.(58) and
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